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§3.4 Cramer-Rao Lower Bounds
CRLB applies to PDFs satisfying regularity condition

g s g2

— /p(x; 9) [p(xl 5 8,0(8);; 9)} dx
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§3.4 Cramer-Rao Lower Bounds

Cramer-Rao Lower Bound aka Cramer-Rao Inequality

If the PDF p(x; 6) satisfies the regularity condition for all 6,
then the variance of any unbiased estimator 8 must satisfy

A 1
var(0) > T inpeal)]|
- |5
Furthermore: .
Can find MVU estimator V0| <2 %éx;e) = 1(0)(g(x) — 0)
———
0=g(x)

Where Tle) = 02 s the minimum variance.
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§3.4 Cramer-Rao Lower Bounds

Example 3.3: DC in AWGN

Consider N observations ‘x[n] = A+ win] ‘ wn] ~ N(0,c?).
© Note th A s
te that . 20
ore tha P(X ) (27r(r2)’2'
Oln p(x; - ?
@ 2npled) — L SN (x[n] — A) = (3~ A) L I(A)(g(x) — A)
21n p(x; 21n p(x; ?
ealai(Z’A):_a_,\é’and [8lai(2A} NIy
© CRLB says
~ 1 o2
A) > —
var(A) > N

0A?

@ Hence the bound is attained, with g(x) = 7 LN
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§3.4 Cramer-Rao Lower Bounds
Important Identity, Problem 3.8

E [8'%0(29)] g [% <px1;9 apéxe;e)ﬂ
(<6)

_ 1 9p(x0) 1 ap(x; 0)\ 2
= [P(X; 0) 062 B p3(x; ) < o0 > ]

__ [PP0) / p(x; ) <8p(x;9)>2dx

062 p2(x; ) o0
2
__ | | 1 9p(x;0)
= 02 |:/ p(x; H)dx] —|—/p(X, 0) e 0 dx
— (A —
1 21 p(x;6)
o6
X 2
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§3.4 Cramer-Rao Lower Bounds

Example 3.4 - Phase Estimation

Want to estimate phase ¢ of a sinusoid in AWGN w[n] ~ N(0, o?)
x[n] = Acos 2rfon+ ¢) +w[n] n=0,1,...,N—1

1
here both Aand 0 < fy < 5 are known.

( (b) 1 —ZnN:_ol [x[n]—A C(2)S(27rf0n+¢)]2

X; =—"wn "¢ 20

’ (2#02)%

8|n p(X' ¢) 1 N—-1 |

T == Z [x[n] — Acos (2nfon + @) ] Asin (2rfon + ¢)
n=0

sin a cos ﬁ:%(sin(a—l—ﬁ)—sin(a—ﬁ))

A N-1 . A
= nz% [x[n]sin(2rfon + ¢) — ES|n(47Tfon+2¢)]

o2
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§3.4 Cramer-Rao Lower Bounds

Example 3.4 - Phase Estimation (continued)

. N—1
82|na+¢(2x,¢) = —% Z [x[n] cos(2mfyn 4+ ¢) — Acos(4mfon + 2¢)]
n=0

substitute x[n] = Acos (2rfon + ¢) + wn|

-E [M] _A Nz_:l [Acos?(2nfyn 4 ¢) —Acos(4nfyn + 2¢)]
0* o2 _ ’

n=0 cos? 9:% [1+4-cos 26]
A1 1
== nE_O 515 cos(4rfon + 2¢) — cos(4mfon + 2¢)
N—1
% cos(4mfyn+2¢) ~ 0, Problem 3.7
L n=0 J
NA? 1
~ 02 provided fy not near 0 or 5
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§3.4 Cramer-Rao Lower Bounds

Example 3.4 - Phase Estimation (continued)

N—1
For what fy does |4 > cos(47fon + 2¢) =~ 0| hold?
n=0

@ Need Euler’s identity | Re[e’’] = Re[cos 6 + isinf] = cosf

- . — _ N
© Need finite geometric sum ZHN:OI rm= 11_’r , forr #£1

O Notethat 0 < fy <« % (otherwise r = 1, see below).
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§3.4 Cramer-Rao Lower Bounds

Example 3.4 - Phase Estimation (continued)

N1 1 N-1
N nz_; cos(4rfyn) = NRe (Z [e""rfo} >

n=0
1 1— ei47rf0N 1— e—i47Tfo
= —Re ( - . - >

N 1 — ef4rh 1 — g—idnfy
1 Re(1— e i _ gidmhiN 4 gidmh(N-1))
2N 1 — cos(4mfy)
20
_ 11— cos(4rfy) — cos(4nfyN) + cos(4mfo(N — 1))
2N 1 — cos(47fy)
~ % ~ 0, forlarge N

You repeat this for 4 SN cos(4mfyn + 2¢) ~ 0
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§3.4 Cramer-Rao Lower Bounds

Example 3.4 - Phase Estimation (continued)

4-1 8—-1

> cos(4m fon) here N =4 cos(4m fon) here N = 8
| n=0 ; n=0
0.8 08
06 06
0.4 04
0.2 02
IRWA VAN A ANAANANAN
A4 \J \/ hd ~ V
0.2 02
0 0.1 02 03 0.4 05 0 0.1 0.2 03 0.4 05
fo fo
16-1 23-1
> cos(4nm fon) here N = 16 > cos(4n fon) here N = 23
; n=0 ; n=0
0.8 08
06 06
0.4 04
0.2 02
AMasrsaasasnanpf) Mararasasasaaaaanipll
0 V V'V A/ V o VWV WY
02 02
0 0.1 02 03 0.4 05 0 0.1 02 03 0.4 05
fo fo
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§3.4 Cramer-Rao Lower Bounds

Example 3.4 - Phase Estimation (continued)

Back to . 0y?
var(¢p) > e A a
. o) [8 Iagg Jb)} NA?
Note that the ‘ Furthermeore, iff‘ condition(s) of CRLB are not
satisfied
dnp(x; ¢) 2
a6 1(¢)(¢ — &)
PInp(x0) 9I(@),
?Inp(xd)] _  9l(9)
e e JSGEDR

not unbiased

So we do not (yet) know how to find MVU estimator. ®
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§3.5 General CRLB for signals in AWGN

General CRLB for signals in AWGN |x[n] = s[n; 0] + w|n]

s[m; 0] a deterministic signal with unknown parameter 6

N—-1
1 —5a2 2 (xln]=sln 0y
p(x; 0) = e 2 n=
(271'02)g
N—1
Olnp(x; 0 1 ds[n; 0
OWpbst) _ 235 et — st )
n=0
?Inp(x0) 1 iy 02s[n; 0] ds[n; 0]\
o T o7 (el = slm 6D =52 < 26 )
02 In p(x; 0) 1 =2 [/ 0s[n; 0]\
E [T} ——gnz_(:) < 50 > , so CRLB says
2
var() > note the kind of dependence on @

g
S ()
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§3.5 General CRLB for signals in AWGN

Example 3.5 - Sinusoid frequency Estimation

In the model above, let the signal be

1
s[n; fo] = Acos(2rfon + ¢), 0< fy < 5

Here, {A, ¢} are known, but f; is the parameter to be estimated.
Direct substitution (last Eq. on previous slide) gives

2
var(fy) > =) g
A2 S [2rnsin(2nfon + ¢)]
n=0
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§3.5 General CRLB for signals in AWGN

Example 3.5 - Sinusoid frequency Estimation (continued)

<10 N=10 saples observed, SNR=4 = 1

o2
T

45F q

35 q

CRLB

25

I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

frequency 0 < fy < %

1 I I I

Nart Shawash ELEE 5810 Cramer-Rao Lower Bound



§3.5 General CRLB for signals in AWGN

Example 3.5 - Sinusoid frequency Estimation (continued)

Note that in this example

lim CRLB = Ilim +
f—0 =0 _J [5 Inp(x;@)}
062
. 1
:fIILnO dn p(x;0) \ 2
0 n p(x;
e |(252)]
0.2
= lim
fo—0

N-1
A2 S [2rnsin(2rfon + ¢)]?
n=0

= o0

That is for fy close to 0, slight change in frequency will not alter
the signal significantly; this is a weak dependence on 6 = fy.
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§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters

@ We might not be interested in the sign of A, but in the signal
power o = g(A) = A2,

@ If we know CRLB for A, we can obtain CRLB for a = g(6)
(see Appendix 3A) using
(ag(e))2
00

var(d) > @

902
@ In the‘signal power” case: a = g(A) = A and

_ 2 2 2
var(A?) > (24) _ A
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§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters (continued)

@ Recall that sample mean estimator X is efficient for A.

.. . . —27 ?
@ Is X2 an efficient estimator for A2? That is | E[x%] = A% |?

@ First recall that X ~ N'(A,02/N), and E[X] = A, var(X) = "—,\j

var(x) = E [(x — A)?]
=E [x* — 2Ax + A?]
=E [%*] — 2AE[x] + A®
= E[x?] — A%= E[3?] — E?[X]

E[x?] = A? + var(X) # A? nonlinearity destroyed efficiency
2

o
=A% 4 N but Nlim bias = 0, long data record
—00

bias
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§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters (continued)

)

But what if g(0) is affine? That is g(6) = af + b.
First:
Q E[g(0)] =E[af + b] = aE[f] + b= ab + b

@ var(g()) = var(ad + b) = a* var(d)
Next, CRLB

_ 26(0) ) 26(0) og(0)\> A
R s
= a%var(f)

Hence the CRLB is achieved. ®

Nart Shawash ELEE 5810 Cramer-Rao Lower Bound



§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters (continued)

@ Let’s revisit X2 as an estimator for A2.

@ How bad is var(x?) = E[x*] — E?[x?]?

@ To answer this, we need the following:
(¢—m)?

ifCN/\/’(u,az):\/;TT'e_ 207, then

Bl = [ 2N(0?) d =y 4 o

Bl = [ ¢ N0?) d =t + 60 + 30°
var(¢?) = E[¢*] - E[¢?] = 440 + 20
@ Hence in our problem asymptotic efficiency is achieved
4R 20t

decays fast

var(x?)
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§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters (continued)

Finally,

@ As N increases, the PDF of X becomes more concentrated
about the mean A.

© Therefore, the observed values of X lie in smaller region
around A.

© Hence, it makes sense to linearize the nonlinear
transformation g(X) = %2 around £ = A.

g(x) ~g(A) + = [g( N x=A)
= A%+ 2A(x —A)
Q It follows that:
o E[g(x)] = g(A) = Ai
o var(g(x) = [L42] " var(x) = (24)2 - 5 = 4
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§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters (continued)

Historgram of  for N; = 10 samples Hxi%torgram of  for Ny = 100 samles
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§3.5 General CRLB for signals in AWGN

N1=10; % length of data record
xh1=0; A=3; % DC in AWGN
for i=1:200000
xhl=[xh1 mean(A+randn(1,N1))];
end
xhl=xh1(1,1:size(xh1,2)-1);
subplot(1,2,1); hist(xh,150); xlabel(’$\bar{x}$’);
title(’Historgram of $\bar{x}$ for $N_1=10% samples’);

N2=100; % length of data record
xh2=0; A=3; % DC in AWGN
for i=1:200000
xh2=[xh2 mean(A+randn(1,N2))];
end
xh2=xh2(1,1:size(xh2,2)-1);
subplot(1,2,2); hist(xh2,150); xlabel(’$\bar{x}$’);
title(’Historgram of $\bar{x}$ for $N_2=100$ samles’);
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§3.5 General CRLB for signals in AWGN

§3.6 Transformation of Parameters (continued)

| PDF of ~

— T T T

8

30 + _30_
VN VN
(a) Small N (b) Large N

Figure: Linearization of nonlinear transformation.
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