Matrix Inversion Lemma aka Woodbury Matrix Identity

Want to establish?
(A-BD'O)'=A"1+A'B(D-CA'B)'CcA™?

known as Woodbury identity, and derive few of its consequences.
Let a square (N + n)-by-(N + n) matrix be given
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To begin, consider four Block Gaussian Eliminations
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lyia a constructive derivation and not a mere verification.
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Next, use Block Diagonalizations to obtain LDU factorization.

1. Applying (1) and (4) (they both involve D™!), gives
Iy —BD™! A B Iy 0\ (A-BD'C 0
0 I, C D -D7'C I, ) 0 D
Iy —BD! A B Iv 0\]"" [A-BD'C 0\
0 I, C D -D7'C I, n 0 D

Distribute the inverse, then multiply by appropriate factors on the right side to get

A B\ Iy 0 A-BD™'C 0\ '( Iy —BD™ )
¢ p) ~\-p'C I, 0 D 0 I,
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2. Applying (2) and (3) (they both involve A7), gives
Iy 0 A B Iy —A"'B - A 0
—-CA™Y I, C D 0 I, ~\0 D-CA'B

Iy 0 A B\ (Iy —A'B\]"" [ A 0 -
—CA' I, J\ C D 0 I, ~\0 D-CA'B

Distribute the inverse, then multiply by appropriate factors on the right side to get

A B\ ' [(Iy —AB '\ [ A 0 Iy 0 ®
cop) ~\o 1 0 D—-CA'B —CA7' 1,
Iy —AB'\ [ A7 0 Iy 0 ©
Lo 1 0 (D-ca'B) )\ —ca 1,
(A4 A'B(D—CA'B)'CA™! —A"'B(D—CA'B)! (10)
- —(D - CA™'B)'CA™! (D — CA-'B)~!

3. Compare (1,1) entries in (7) and (10) to get
(A-BD'O)'=A"1+A'B(D-CA'B)'CcA™? (11)

This is the Woodbury identity.

4. We can visualize the dimensions of the blocks of the Woodbury identity as follows
A B\ [ Anxn ‘ Byxn | %
C D CnXN ‘ ann BEEEB EH
Then (11) looks like
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5. As a special case consider the following. Let a square (N + 1)-by-(/N + 1) matrix be given

@11 A2 a3 aiN | U
Qg1 Q22 Q23 aoN | U2
A u o AnxnN ‘ UNx1 . 31 A3z A3s3 asny | us
UT d U{XN ‘ d1><1
anNi an2 ans aANN | UN
U1 (%) V3 UN d
And apply (11) (reproduced here for convenience)
(A-BD'O)'=A"1'+A'B(D-CA'B)'CcA™?
with B =u, C =T, and D = d, to get
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Set d = —1 to get rank 1 inverse update formula
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Known as Sherman-Morrison formula.
Set A =1 to get
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In (11), set A= Iy and D = I, to get
(IN + BC)_I =1Iy+ B(In + CB)_IC
Finally, in (11) set N =n, B=C = Iy, and S = —D~!, then we get
(A+ S)—l — A—l _ A—l (S_l + A—l)—lA—l
Q-1 R-1=(RQ)"!
= AT - AT A(ST + ATH] T
= AT - ATV [AST )
Q-1 R1=(RQ)"!
= AT - [(AST + DA
= A~ (AST'A+ A)T

In conclusion
(A+9) ' =A = (A+A5714)7"

Known as Hua’s identity.
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